Abstract. The paper contains some new extensions of the well-known theorem of F. Carlson for entire functions of exponential type.
1. Introduction and statement of results. According to a well-known theorem of F. Carlson [5] , [4, p. 153] , if f(z) is an entire function of exponential type t < 7T, and/(n) = 0 for n = 0, ±1, ±2,..., then/(z) = 0. This result has been extended and generalized in various ways ([4, Chapters 9, 10], [6] , etc.). For example, if f(z) is an entire function of exponential type < kit where k is a positive integer, and f(z), f'(z),... ,/(*-1)(z) all vanish for z = 0, ±1, ±2,..., then f(z) = 0. In particular, an entire function of exponential type < 2ir is completely determined by its values and those of its derivative at the integers.
While trying to extend the theory of (0, 2)-interpolation ( [7] , [l]- [3] ) by polynomials in points on [-1, 1] to (0, 2)-interpolation by entire functions of exponential type in points on the real axis, we wanted to know to what extent an entire function of exponential type < 2tr is determined by its values and those of its second derivative at the integers, or more generally, by its values and those of its kth derivative at the integers. The answer turns out to be the following. Theorem 1. Iff(z) is an entire function of exponential type t < 2tt such that f(n)=f"(n) = 0, n = 0,±l,±2,..., then f(z) = c sin(7rz) where c is a constant. Here r = 2it is inadmissible.
For even k > 4, we have Theorem 2. Let k be an even integer > 4. If f(z) is an entire function of exponential type t < m sec(ir/k) such that f(ri)=fik\n) = 0, n = 0, ±1,±2,..., then f(z) = c sin(7rz) where c is a constant. Here r cannot be allowed to be equal to ir sec(tr/k).
On the other hand, for odd k > 3, we have Theorem 3. Let k be an odd integer > 3. If f(z) is an entire function of exponential type r < it sec(n/2k) such that /(") =/<«(«) = 0, n = 0,±l,±2,..., thenf(z) = 0. Here r = m sec(ir/2k) is inadmissible.
We also prove Then <b(z) = f(z)/sin(irz) is an entire function of exponential type such that |4>(x)| < A2 + Z72|x|\ -oo<x<oo, for some constants A2, B2 depending on A,, Bx, X and t.
Proof. It follows from Lemma 2 that if f(z) is an entire function of exponential type t such that/(n) = 0 for n = 0, ±1, ±2.and for some X E [0, 1) inequality (1) The desired result follows from (3) and (4). Besides, we shall need several other properties of entire functions of exponential type. We expect the reader to be familiar with the material contained in §5.1- §5.4 of [4] . In addition, we will use the following four lemmas. . , x g(z)-2 (-irl«2-l(2pk_iyk-2'+l)(*) also vanishes at the set of integers, and hence by Lemma 1,
where \f/(z) is an entire function of exponential type. Here i^(z) must be identically zero. Suppose, if possible, that ip(z) 2é 0. From (6) we conclude that <b(z) is of order 1 type > it, and so by Lemma 5, f(z) is of order 1 type > irV2 which is a contradiction since/(z) is assumed to be of exponential type < it sec(ir/k) if k is an even integer > 4 and of exponential type < it sec(ir/2k) if k is an odd integer > 3. Hence \p(z) a 0. But then <f»(z) being a solution of the differential equation |<f>(x)| < A2 + B2\x\\ -oo < x < oo, for some constants A2 and B2. In view of (9) we can even claim that <p(z) is of exponential type m. As in the proofs of Theorems 2 and 3 it follows that the function
vanishes at the set of integers. Besides G (z) is of exponential type m and by Lemma 2, (10) |G(x)| < A3 + 53|x|\ -oo<x<oo, for some constants A3 and B3 so that G(z) satisfies the hypotheses of Lemma 6. Consequently,
where a is real and u(z) is an entire function of zero exponential type. Because of (10), a should be zero, and ha(±m/2) < 0. Thus using Lemma 7 we conclude that G(z) = ß sin(n-z) where ß is a constant. In other words, <p(z) is a solution of the differential equation respectively, show that in Theorem 4 X cannot be allowed to be equal to 1.
